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Congreso bienal de la RSME 2017, Zaragoza

Juan Viu-Sos (Institut Fourier, U. Grenoble-Alpes) Congreso bienal de la RSME 2017 (2ARA602A) 1 / 25



Introduction
(t,m)-configurations of points

Topology of line arrangements and configurations

Contents

1 Introduction

Line arrangements: geometry and combinatorics

Zariski pairs

The linking I-invariant

2 (t,m)-configurations of points

Configurations of points

Combinatorics and dual arrangement

3 Topology of line arrangements and configurations

Chamber weight and invariance

New real complexified Zariski pairs

Other properties of the new Zariki pair

Juan Viu-Sos (Institut Fourier, U. Grenoble-Alpes) Congreso bienal de la RSME 2017 (2ARA602A) 2 / 25



Introduction
(t,m)-configurations of points

Topology of line arrangements and configurations

Line arrangements: geometry and combinatorics
Zariski pairs
The linking I-invariant

Introduction

Part I

Juan Viu-Sos (Institut Fourier, U. Grenoble-Alpes) Congreso bienal de la RSME 2017 (2ARA602A) 3 / 25



Introduction
(t,m)-configurations of points

Topology of line arrangements and configurations

Line arrangements: geometry and combinatorics
Zariski pairs
The linking I-invariant

Line arrangements: geometry and combinatorics

What is a line arrangement?

Definition

A (complex) line arrangement A is a finite collection of distinct lines

{D0,D1, . . . ,Dn} in CP2.
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What is a line arrangement?

Definition

A (complex) line arrangement A is a finite collection of distinct lines

{D0,D1, . . . ,Dn} in CP2.

Definition

A is complexified real if there exists a system of coordinates of CP2 such that

any D ∈ A is defined by a R-linear form.
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Why do we study line arrangements?

“Simple” case of reducible algebraic plane curves:

QA =
∏

D∈A αD , where αD linear form such that D = α−1
D (0).

Sing(A) : intersection points  local topology ' multiplicity.

The combinatorics contains a lot of information & simple to express :

incidence graph ΓA.
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What is the influence of the combinatoics over the geometry/topology of A?

Topology of A: homeomorphism type of the pair (CP2,A).

Definition

A Zariski pair is a couple (A1,A2) with ΓA1 ∼ ΓA2 but (CP2,A1) 6∼ (CP2,A2).

Invariants:

π1(CP2 \ A)  ”Wirtinger-like” finite presentations.

H1(CP2 \ A) ' 〈m0, . . . ,mn | m0 + · · ·+ mn = 0〉 ' Zn, where {mi}i
meridians of A (H1 is combinatorially determined!)

Characteristic varieties, twisted cohomologies, topology of the Milnor

fiber,. . .
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Zariski pairs

1 (Rybnikov’98) 13 lines/Q(ζ3) (LCS, 6= π1).

2 (Artal-Cogolludo-Carmona-Marco’05) 11 lines/Q(
√

5) (6= braid

monodromy).

3 (Guerville-Ballé’15) 12 lines/Q(ζ5): ”Linking” invariant I (moreover,

6= π1).
[Artal-Florens-GB’14]

In general: invariants are difficult to compute where n increases (a computer

assistant is needed).
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3 (Guerville-Ballé’15) 12 lines/Q(ζ5): ”Linking” invariant I (moreover,

6= π1).

Questions:

A more geometrical way to detect Zariski pairs?

Is π1(CP2 \ A) combinatorially determined for A real complexified?

Could Zarsiki pairs be realized over Q?

Could the I-invariant detect real complexified Zariski pairs?
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The linking I-invariant

Introduced by Artal, Florens and Guerville-Ballé in 2014.

Definition

A triangular inner-cyclic arrangement (A, γ, ξ)

A = {D1, . . . ,Dn} containing {D1,D2,D3} in general position over

P1,P2,P3.

γ : S1 ↪→ D1 ∪ D2 ∪ D3 such that γ ∩ SingA = {P1,P2,P3}

ξ : H1(CP2 \ A)→ C∗ torsion character verifying:

I ξ(mD) = 1 for D ∈ {D1,D2,D3}.

I
∏
D3P

ξ(mD) = 1, for any P ∈ Sing A.
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Introduced by Artal, Florens and Guerville-Ballé in 2014.

Definition

A triangular inner-cyclic arrangement (A, γ, ξ)

A = {D1, . . . ,Dn} containing {D1,D2,D3} in general position over

P1,P2,P3.

γ : S1 ↪→ D1 ∪ D2 ∪ D3 such that γ ∩ SingA = {P1,P2,P3}

ξ : H1(CP2 \ A)→ C∗ torsion character verifying:

I ξ(mD) = 1 for D ∈ {D1,D2,D3}.

I
∏
D3P

ξ(mD) = 1, for any P ∈ Sing A.
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The linking I-invariant

The linking I-invariant

If we define Ac
γ = {D4, . . . ,Dn}, note that γ ⊂ CP2 \ Ac

γ and

ξ ≡ ξ̃ : H1(CP2 \ Ac
γ)/Indγ → C∗.

Theorem (Artal-Florens-GB, GB-Meilhan)

The value

I(A, γ, ξ) = ξ̃[γ]

is an invariant of the homeomorphism type of (CP2,A) respecting the order

and the orientation.

Proposition (Artal-Florens-GB)

If A is complexified real, then

I(A, γ, ξ) ∈ {−1, 1}
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(t,m)-configurations of points

Topology of line arrangements and configurations

Configurations of points
Combinatorics and dual arrangement

Configurations of points

We take in RP2 :

V = {V1, . . . ,Vt} vertices,

S = {S1, . . . , Sn} surrounding-points,

L = {L = (S ,V ) | S ∈ S, V ∈ V} collection of lines,

a weight assignment pl : V t S → Zm.

Definition

The tuple C = (V,S,L, pl) is a (t,m)–configuration if:

1 ∀Vi ,Vj ∈ V : S ∩ (Vi ,Vj) = ∅,

2 V = pl−1(0),

3 ∀L ∈ L :
∑
S∈L

pl(S) = 0.
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(t,m)-configurations of points

Topology of line arrangements and configurations

Configurations of points
Combinatorics and dual arrangement

Configurations of points

A (3, 2)-configuration :

•V1 • V2

•
V3

•
S1

•
S2

•
S3

•
S4

pl : (S1,S2, S3, S4) 7→ (1, 1, 1, 1) ∈ Z2
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Configurations of points

Definition

A (t,m)-configuration (V,S,L, pl) is:

uniform if pl is constant over S.

planar if the projective subspace generated by V is the whole RP2.
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Configurations of points
Combinatorics and dual arrangement

Configurations of points

A planar and uniform (3, 2)-configuration:

•V1 • V2

•
V3

•
S1

•
S2

•
S3

•
S4

pl : (S1,S2, S3, S4) 7→ (1, 1, 1, 1) ∈ Z4
2
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Configurations of points

A non-planar and non-uniform (3,m)-configuration, m ≥ 3 :

•
V1

•
V2

•
V3

•
S1

•
S2

•
S3

•
S4

•
S5

•
S6

pl : (S1, · · · , S6)→ (ζ,−ζ, ζ,−ζ, ζ,−ζ) ∈ Z6
m
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Configurations of points

A planar and uniform (4, 2)-configuration:

•
S6

•
V1

• V2

•V3

•
V4

•
S1

•
S2•

S3

•
S4

•
S5
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Combinatorics of a configuration

Combinatorics: (nontrivial) collinearity relations between points V t S in

RP2.

•V1 • V2

•
V3

•
S1

•
S2

•
S3

•
S4

{
{V1, S1, S4}, {V1, S2, S3}, {V2,S1, S3}, {V2, S2, S4}, {V3,S1,S2}, {V3, S3, S4}

}
.
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Combinatorics and dual arrangement

Combinatorics of a configuration

Definition

C1 = (V1,S1,L1, pl1) and C2 = (V2,S2,L2, pl2) have the same combinatorics

(C1 ∼comb C2) if there exists a bijection V1 t S1 ←→ V2 t S2 respecting

collinearity relations.

Remark

The combinatorics of C is not invariant by deformation.

Definition

C is stable if for any φ ∈ Aut(V t S) resp. collinearity, we have φ(V) = V.
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Configurations of points
Combinatorics and dual arrangement

Combinatorics of a configuration

•V1 • V2

•
V3

•
S1

•
S2

•
S3

•
S4

{
{V1,S1,S4}, {V1, S2, S3}, {V2,S1,S3}, {V2, S2, S4}, {V3,S1,S2}, {V3, S3, S4}

}
This configuration is stable.
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Dual arrangement

We consider dual real plane ŘP
2

= {L | L ⊂ RP2 droite}.

Duality : natural correspondence (·)∗ between RP2 and ŘP
2

respecting incidence relations: P ∈ L⇐⇒ L∗ ∈ P∗.

Definition

Let C = (V,S,L, pl) be a (t,m)-configuration. We can define a triple

(AV ,AS , ξ), where:

AV = {V ∗1 ⊗C, . . . ,V ∗t ⊗C} and AS = {S∗1 ⊗C, . . . , S∗n ⊗C} in P2
C,

ξ : H1(CP2 \ AC)→ C∗ torsion character of AC = AV ∪ AS such that

ξ(mD) = e2πi pl(P)/m for any D = P∗ ⊗C ∈ AC.
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Dual arrangement

Notations :

AC = AV ∪ AS : (real complexified) dual arrangement of C.

P• = P∗ ⊗C.

•V1 • V2

•
V3

•
S1

•
S2

•
S3

•
S4

C
S•3S•2V •3

S•1

S•4

V •2

V •1

AC∞
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Configurations of points
Combinatorics and dual arrangement

Dual arrangement

Notations :

AC = AV ∪ AS : (real complexified) dual arrangement of C.

P• = P∗ ⊗C.

Proposition

C and AC have the same combinatorics, i.e. the map P ∈ V ∪ S 7→ P• ∈ AC

respects relations of collinearity and incidence, respectively.

Proposition

Let C be a planar (3,m)-configuration.

Take γ : S1 ↪→ AV \ AS such that

#γ−1(SingAV) = 3. Then (AC , γ, ξ) is a triangular inner-cyclic arrangement.
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Topology of arrangements and configurations

Part III
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Other properties of the new Zariki pair

Chamber weight and invariance

Take C = (V,S,L, pl) a planar (3,m)-configuration: vertices V1,V2,V3 define

a partition of RP2 in 4 chambers

V1

•
V2

•

V3 •

ch1

ch2ch3

ch4

Definition

The chamber weight of C is the value

τ(C) =
∑

S∈S∩chi

pl(S) ∈ Zm.
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Chamber weight and invariance

Proposition

τ(C) does not depend on the choice of chi , and

τ(C) =

 [0] or [m/2] , if m even

[0] , if m odd

Remark

For (3, 2)-configurations, τ(C) is the parity of surrounding-points in each

chamber.

Juan Viu-Sos (Institut Fourier, U. Grenoble-Alpes) Congreso bienal de la RSME 2017 (2ARA602A) 16 / 25



Introduction
(t,m)-configurations of points

Topology of line arrangements and configurations

Chamber weight and invariance
New real complexified Zariski pairs
Other properties of the new Zariki pair

Chamber weight and invariance

Proposition

τ(C) does not depend on the choice of chi , and

τ(C) =

 [0] or [m/2] , if m even

[0] , if m odd

Remark

For (3, 2)-configurations, τ(C) is the parity of surrounding-points in each

chamber.

Juan Viu-Sos (Institut Fourier, U. Grenoble-Alpes) Congreso bienal de la RSME 2017 (2ARA602A) 16 / 25



Introduction
(t,m)-configurations of points

Topology of line arrangements and configurations

Chamber weight and invariance
New real complexified Zariski pairs
Other properties of the new Zariki pair

Chamber weight and invariance

•V1 • V2

•
V3

•
S1

•
S2

•
S3

•
S4

τ(C1) = 1

•V1 •V2

•
V3

•
S1

•
S2•

S3

•
S4

•
S5

•
S6

τ(C2) = 0
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Chamber weight and invariance

Let C = (V,S,L, pl) be a planar (3,m)-configuration.

Theorem (Guerville-Ballé, )

τ(C) is an invariant of the ordered topology of the dual arrangement AC .

Corollary

Moreover, if C is stable and uniform, then τ(C) is a topological invariant of AC .

Idea of the proof: Take the dual triple (AV ,AS , ξ) associated to C and

γ : S1 ↪→ AV \ AS such that #γ−1(SingAV) = 3, then

I(AC , γ, ξ) = e2πiτ(C)/m

�
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The Zariski pair game

Question : Could be possible to construct Zariski pairs from

(3, 2)-configurations?

Zariski game in Z2: Construct two (3, 2)-configurations C1 and C2

1 Fix vertices V1,V2,V3.

2 Add points S ∈ S together with lines L ∈ L joining S with V1,V2,V3.

3 Any line L ∈ L must contain an even number of points S ∈ S.

4 C1 ∼comb C2 and stable.

5 If the parity of points in the chambers of C1 and C2 are different, i.e.

τ(C1) 6= τ(C2).......we have found a Zariski pair!

Let’s play over GeoGebra!
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New real complexified Zariski pairs

Take α, β ∈ {−1, 1}, let Cα,β = (V,Sα,β ,Lα,β , pl) be planar uniform

(3, 2)-configurations defined over Q by:

V = {V1,V2,V3}, Sα,β = S t Sα t Sβ ,

S = {S1, . . . , S4}, Sα = {Sα5 , Sα6 , Sα7 }, Sβ = {Sβ8 , S
β
9 , S

β
10}.

where:

V1 = (1 : 0 : 0), V2 = (0 : 1 : 0), V3 = (0 : 0 : 1),

S1 = (1 : 1 : 1), S2 = (4 : 4 : 1), S3 = (1 : 4 : 1), S4 = (4 : 1 : 1),

Sα5 = (1 : 4 : 2α), Sα6 = (1 : 2α : 1), Sα7 = (α : 2 : 2),

Sβ8 = (4 : 1 : 2β), Sβ9 = (2β : 1 : 1), Sβ10 = (2 : β : 2).
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New real complexified Zariski pairs

Proposition

Cα,β ∼comb Cα′,β′ and they are also stables.

Denoting by Aα,β the dual arrangement of Cα,β :

Theorem (Guerville-Ballé, )

Let α, α′, β, β′ ∈ {−1, 1} be such that αβ 6= α′β′. There is not

homeomorphism between
(
CP2,Aα,β

)
and

(
CP2,Aα

′,β′
)

.

Corollary

The couples (A1,1,A−1,1), (A1,1,A1,−1), (A−1,−1,A−1,1), (A−1,−1,A1,−1) are

complexified real Zariski pairs.
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New real complexified Zariski pairs

Proof ?.....It suffices to count points in a chamber of Cα,β !

•V3

•V1

•V2

•

••

•
• •
•
•
•

•

τ(C1,1) = 4 + 3 + 3 ≡ 0 mod 2

•V3

•V1

•V2

•

••

•
• •
•

•

•

•

τ(C1,−1) = 4 + 3 + 0 ≡ 1 mod 2
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Moduli space and geometrical characterization

The moduli space ΣA of an arrangement A of n lines:

ΣA = {B ∈ (CP2)n | B ∼comb A}/PGL3(C).

Theorem (Guerville-Ballé, )

The moduli space Σ of Aα,β is formed by two connected components Σ0 and

Σ1. Moreover,

1 For any (3, 2)-configuration C such that C ∼comb Cα,β :

AC ∈ Σ0 ⇐⇒ τ(C) = 0.

2 A complex line arrangement A ∈ Σ belongs to Σ0 if and only if it contains

six lines tangent to a conic.
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Fundamental group and lower central series

Let G1 = π1(CP2 \A1,1) and G2 = π1(CP2 \A−1,1). We compute, using Sage:

Gi = γ1Gi B γ2Gi B · · ·B γnGi B γn+1Gi B · · · (LCS)

where γk+1Gi = [γkGi ,Gi ].

Theorem

1 For any k = 1, 2, 3: γkG1
γk+1G1

' γkG2
γk+1G2

.

2
γ4G1
γ5G1
' Z211 ⊕Z2 and γ4G2

γ5G2
' Z211.

Corollary

For any A0 ∈ Σ0 and A1 ∈ Σ1, we have π1(CP2 \ A0) 6' π1(CP2 \ A1).
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V •1

V •2

V •3S•2S•3

S•4

S•5 S•6

S•7

S•8

S•9

S•10

Thank you!
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